In view of Nevanlinna theory, we study the growth and poles of solutions of some complex q-difference differential equations. We obtain the estimates on the Nevalinna order, the lower order, and the counting function of poles for meromorphic solutions of such equations.
Introduction and main results
In this paper, the fundamental theorems and the standard notations of the Nevanlinna value distribution theory of meromorphic functions will be used (see Hayman In , Beardon [] studied entire solutions of the generalized function equation
where q is a non-zero complex number. is decreasing as x > , we have r  > r  > · · · > , and r p →  as p → ∞. Based on the above notations, Beardon obtained two main theorems as follows.
Theorem . ([]) Any transcendental solution f of () is of the form
where p is a positive integer, b =  and q ∈ K p . In particular, if q / ∈ K, then the only formal solutions of () are O and I. 
Theorem . ([]) For each positive integer p, there is a unique real entire function
Regarding Theorem ., Zhang [] asked the following question: Is the order of transcendental solutions of () exactly ρ(f ) ≤ log  log |q|
?
In this paper, we further investigate the growth of solution of some class of q-difference differential equation and obtain the following results.
Theorem . Suppose that f is a solution of equation
where q ∈ K and n, s, j ∈ N + . If f is a transcendental entire function, then n ≤ s +  and the order of f satisfies
The following example shows that () has non-transcendental entire function solution.
Example . Let q = , n = , j = , and s = , then f (z) = z  satisfies equation
The following example shows that () also has a transcendental entire function solution.
Example . Let q = , n = , j = , and s = , then f (z) = exp{
and
Remark . Thus, a question arises naturally: Does () have a transcendental meromorphic solution?
When the constant q of the right of () is replaced by a function, the following example shows that the equation has a transcendental meromorphic solution.
Example . Let f (z) =
e z z  and q = , then f (z) satisfies the equation
and the order is
Thus, we have the following theorems.
Theorem . Let f be a transcendental solution of the equation
where q is a non-zero complex number and |q| > , n, j, s are positive integers and ϕ  (z) is a rational function. If f is an entire function, then n ≤ s +  and
Furthermore, if n =  and f is a meromorphic function with infinitely many poles, then we have
log(s + ) log |q| ≤ ρ(f ) ≤ log(sj + s + ) log |q| .
Theorem . Let f be a transcendental solution of the equation
where q is a complex number and |q| > , n, j, s are positive integers and ϕ  (z) is a small function with respect to f . If f is a meromorphic function with N(r, f ) = S(r, f ), then n < s +  and f satisfies
Furthermore, if n =  and f has infinitely many poles with N(r, f ) = S(r, f ), and the number of distinct common poles of f and
is finite, then we have
The following example shows that () has a transcendental meromorphic solution f with the order ρ(f ) =
satisfies the equation
with T(r, ϕ  ) = S(r, f ) and the order of f (z) satisfies
Now, we investigate the growth of solutions of such equations, where qz is replaced by p(z) in ()-(), and we obtain the following result.
Theorem . Let f be a transcendental solution of equation
where k ≥ , n, j, s are positive integers and ϕ  (z) is a small function with respect to f . If f is a transcendental meromorphic function and n < sj + s + , then f satisfies
Recently, there were many results on meromorphic solutions of complex functional equations (see [-] 
where q ∈ C, |q| > , the coefficients a j (z) are rational functions and P, Q are relatively prime polynomials in f over the field of rational functions satisfying
If f has infinitely many poles, then for sufficiently large r, n(r, f ) ≥ Kd log r n log |q| holds for some constant K > . Thus, the lower order of f , which has infinitely many poles,
From Theorem ., we further study the growth of the solutions of a class of qdifference differential equation and obtain a result as follows.
Theorem . Suppose that f is a transcendental meromorphic solution of the equation
where q ∈ C, |q| > , and P, Q are relatively prime polynomials in f over the field of rational functions satisfying Remark . Under the conditions of Theorem ., by using the same argument as in Theorem ., we can see that the lower order, the order of f , which has infinitely many poles, satisfies
The following example shows that () has a non-transcendental solution.
Example . Let q =  and d = , then f (z) =  z  satisfies the equation
The following examples show that () has transcendental entire and meromorphic solutions. 
Then we see that f has finitely many poles and
So, f (z) has infinitely many poles and μ(f ) = ρ(f ) =  = 
then the order of growth of f satisfies
Lemma . ([]) Let f (z) be a transcendental meromorphic function and p(z)
for given ε >  and for r large enough, By Lemma . and Lemma ., it follows from () that
Lemma . ([, ] or []) Let g : (, +∞) → R, h : (, +∞) → R be monotone increasing functions such that g(r) ≤ h(r) outside of an exceptional set E with finite linear measure, or g(r)
If f is a transcendental entire function, then we have by Lemma .
Since |q| >  and f is transcendental, it follows from () that n ≤ s + . Set α =  |q|
, it follows
By Lemma ., we have ρ(f ) ≤ log(s+)-log n log |q| .
The proof of Theorem 1.7
Since ϕ  (z) is a rational function, we have T(r, ϕ  (z)) = O(log r). If f is a transcendental entire function, similar to the argument as in Theorem ., we easily get ρ(f ) ≤ log(s+)-log n log |q| . If f is a meromorphic function, by Lemma ., Lemma ., and Lemma ., it follows from () that
Since |q| > , by Lemma . we have ρ(f ) ≤ log(sj+s+)-log n log |q| . Since ϕ  (z) is a rational function, we can choose a sufficiently large constant R (> ) such that ϕ  (z) has no zeros or poles in {z ∈ C : |z| > R}. Since f has infinitely many poles, we can choose a pole z  of f of multiplicity τ ≥  satisfying |z  | > R. Then the right side of () has a pole of multiplicity τ  = (s + )τ + sj at z  . Then f has a pole of multiplicity τ  at qz  . Replacing z by qz  in (), we see that f has a pole of multiplicity τ  = (s + )τ  + sj at q  z  .
We proceed to follow the steps above. Since ϕ  (z) has no zeros or poles in {z ∈ C : |z| > R} and f has infinitely many poles again, we may construct poles
For sufficiently large k, we have
Thus, for each sufficiently large r, there exists a k ∈ N + such that
Thus, we have
log r-log r  -log |q| log |q|
where
Since, for all r ≥ r  ,
it follows from () that
Thus, this completes the proof of Theorem ..
The proof of Theorem 1.8
Since ϕ  (z) is a small function, similar to (), we have have no common poles in {z ∈ C : |z| > R}. Thus, we can take a pole z  of f of multiplicity τ ≥  satisfying |z  | > R. By using the same argument as in Theorem ., we can see that
Hence, from () and (), we complete the proof of Theorem ..
The proof of Theorem 1.9
Since f is a transcendental meromorphic solution of (), and ϕ  (z) is a small function with respect to f , similar to the proof of (), and by Lemma ., we have 
